Math 111 - 6

Derivatives, Chain Rule

Definition and Notation: The derivative of the function f(x) is the function
f'(x) defined by

: . flath) - f(z)
f(x) = lim z

h—0

Or, equivalently: f'(z) = lim f@) = fla)
a—zT T —a
We can think of the derivative as
e The rate of change of a function f, or

e The slope of the curve of y = f(x).

_ d d o
We will use v/, f'(z), —y, — f(z) to denote derivatives and
dr’ dx
: dy : o
f'(a), o to denote their values at a certain point.
€z r=a

Note that derivative is a function, its value at a point is a number.

Higher Order Derivatives: We can find the derivative of the derivative of a
function. It is called second derivative and denoted by:

d*y
" 1"

y Y f (x)7 de N

For third derivative, we use f”’(x) but for fourth and higher derivatives, we
use the notation f((z), f®)(z) etc.



Example 6-1: Let f(x) = 72% — 182. Find f'(x), f"(z), f"”(x) and f@ ().

Solution:  f/(z) = 21z® —18

f'(x) = 42z
f(x) = 42
f(4) () = 0
Differentiation Formulas: Using the definition of derivative, we obtain:
. ) . dc
e Derivative of a constant is zero, i.e. d_ =0
T
e Derivative of f(z) =z is 1:
d
=1
dx o
e Derivative of f(z) = a" is:
d
o g = na" !
T
e Derivative of f(z) = /7 is:
d 1
iV 2,7
e If f is a function and c is a constant, then
(cf) =cf
e If f and g are functions, then

(f+g9)' =f+4d



Tx3 — 18
Example 6-2: Evaluate the derivative of f(x) = S x.
xr

Solution: First we have to simplify:
f(z) =172*—18
Then we use the differentiation rules:
f'(z) = 14x
Example 6—3: Find the equation of the tangent line to the graph of f(z) = z?

at the point (1,1).

Solution: f'(z) =2z = m=f'(1)=2

Using point slope equation (y — Yo = m(x — :cg)) we
find the equation of the tangent line as:

(y—1)=2z-1 = y=2r-1

Differentiation Rules:

Product Rule: If f and g are differentiable at x, then fg is differentiable at
x and

d df  .dg
%(fg) = %Q‘i‘f%

or more briefly:

(f9)' = f'g+fg

Example 6—4: Find the derivative of f(z) = (z* + 142)(72® 4+ 17)

Solution: f'(z) = (42® + 14)(72* + 17) + (2* + 14z) 2127



Reciprocal Rule: If f is differentiable at x and if f(z) # 0 then:
) -7
f f?

1
Example 6-5: Using the reciprocal rule, find the derivative of f(z) = —.
Ia’l’L

—ngn ! n

. . ! _ _ _ —n—1
Solution: f'(z) = P e L

1

Example 6-6: Find the derivative of f(z) = 2121
T x

16z + 12
(8x2 + 12x + 1)?

Solution: f'(z) = —

Quotient Rule: If f and g are differentiable at x, and g(z) # 0

then i is differentiable at x:
g

([)’ _f9—df
g 92

2
Example 6-7: Find the derivative of f(z) = 552—137
2(52% +7) — 10z (22 + 3)
(52 4 7)2

—102% — 302 + 14
(522 + 7)2

Solution: f'(z) =




Exponentials and Logarithms:

d x x
—e'=e
dx
e” is the only nonzero function whose derivative is itself.
1
— lnzx = —
dx x

Chain Rule: If f and g are differentiable then f(g(x)) is also differentiable
and

£ = r(oe)) -¢'@)

or more briefly
dy dy du

dr  dudzx
. d 2 5
Example 6-8: Find %(393 +1)".

Solution: Here u = 322 + 1 and y = u°. Using the above formula,

we obtain:

dy _ dy du

dr  du dx
= 5ut- 62

= 5032+ 1)*- 62

= 30x(32* +1)*
Example 6-9: Find ('z)f where f(z) = &*’.
Solution: Here u = 2° and f = e“. Using the formula, we obtain:

- bt

f'(x) =e”



Logarithmic Differentiation:

Logarithm transforms products into sums. This helps in finding derivatives
of some complicated functions.

For example if

(z° +1)(2* — 1)
8+ 62t + 1

then
Iny = In(z® + 1) + In(z® — 1) — In(2® + 62* + 1)
Derivative of both sides gives:

/

y 322 2 87 + 2423

Y :x3+1+x2—1_x8+6x4+1

Example 6-10: Find the derivative of the function:

y= 1) = (o ey

Solution: Iny = Inzln(z+e€”)
1 1+e”
ny) = =1 T 1
(Iny) " n<x+€)+x+e“f nz
/ 1 T 1 x
Yy n(af—l—e)+ et
Y x T+ e*

| * 1 v
y/ — (:L,_f_e:c)lna: ( n(x+e ) + +e hlf[‘)
T T+ e*



EXERCISES

Evaluate the derivatives of the following functions:
6-1) f(z)=1-Vx
6-2) f(z)=4+3r—122°

6-3) f(x)=2"'+ 4272

1
v/ T

6-4) f(x) =

2

32'2

6-5) f(x) =

6-6) f(z) =20z~* + 4z'/*

3 —

VT

2t — a3 —1

6-7) f(z)=

6-8) f(z) =

X

6-9) f(z) = (2* +2)(2* - 3)

T

6-10) f(x) =

2+ 4
x? 412
6-11) f(a) =1
23/2 4 p—1/2
6-12) fla) = L
Vit

T



Evaluate the derivatives of the following functions:

6-13)

6-14)

6-15)

6-16)

6-17)

6-18)

6-19)

6-20)

6-21)

6-22)

6-23)

6-24)

f<$> — x1261

f(z) =2"In (2%)

f) ==

f) = oy

J@) =
f@) = s

f(z) = 2% Inx

f(z) = (z+¢€")(2* + Inz)

-
1
J(w) = In (4x)

2—3nzx
)= —"+#—
Slnz +1



Evaluate the derivatives of the following functions using chain rule:

6-25) f(z) = (1+2")°
6-26) f(z) =¢"
6-27) f(z) =In(1+2?)

6-28) f(x) = (5+x+22°)"

6-29) f(z) =

V3r? 4 2
6-30) J(x) = (22 _1433)3
6-31) f(x) = (f_ﬂ)

6-32) f(z)= (¢ +1)’
6-33) f(r)=V1+Inz
6-34) f(z) = Va? + 2
6-35) f(x) =4+

6-36) f(z) = ze”logs (z + 2?)



Find f":

6-37) f(z)=5*
6-38) f(z)=In(3z)
6-39) f(z)=v2+z

6-40) f(z)=az"e®

Find f’ using logarithmic differentiation:

6-41) f(z)=(1+ 2m)7(x3 + 1)4

(33:4 -+ x2)6

) I = ey

6-43) f(z)=(lnx)*

Find the equation of the line tangent to f(z) at zq:

6-44) f(x) =22 -8z +4, =x¢=2.
6-45) f(z)=a2v2x+4, x=0.

6-46) f(z)=2%(1-2)* =2

1

6-47) f(z) = 1522



Evaluate the derivatives of the following functions at

the point z = a. In other words, find the value of f’(a).

2 12
6-48) f(x) = w, a=2.

T

6-49) f(z) =2%°, a=32.

5+ 322

6-50) f(x) = S ip = 0.
Inzx

6—51) f(l‘) = ?, a=1

6-52) f(z)=(1+2z)e", a=0.

6-53) f(x)=v10—e=, a=0.

6-54) f(x)—ln(x_2>, a=5.

2
6-55) f(z)— (2x+ ;) Ca= %
6-56) f(z)= (4o + 65“7)3, a=0.

1
6—57) f(iL') = m, a=0.

6-58) f(z)=a2InV1+2z, a=1.

6-59) f(z)=z%e'/?, a:i

6-60) f(x):ln( re” ) a=2.

1+ 22



ANSWERS
6-1) f'(x) =~
6-2) f'(z) =3 — 362°
6-3) f'(z)= 228"

6-4) [(e)=— o

4
, 1 4
6-5) flla)=-—5+3

6-6) f'(z) = —80z7° + %4
/ O 372 ~1/2
6-7) f(z)=—-a""—-x
/ 2 1
6-8) f'(z)=6x —23:—{—;

6-9) f'(z) =42® — 2z

,o o A—a?

;o bx?—dx—60
6-11) f'(z) = R
6-12) f'(z) = @®+2z—1

(z+1)



6-13)

6-14)

6-15)

6-16)

6-17)

6-18)

6-19)

6-20)

6-21)

6-22)

6-23)

6-24)

fl(x) = 122Me” + ' 2e”

f'(z) = 6z lnx + 3z

fle) = 2252

fa) = ew(1(1++$;—>22m)

fl@) == 1 +22; ie;ix)g
f%x)-—._zgzéég%EZSE

() = 2% (Ao + ol + 1)

F@) = (1+ ) (2 + na) + (x + ¢7) (Qx N 1)

(8z — 5)(2e® — 3z) — (2 — 3)(42? — 5x)

f'(x) =

(2e — 3x)?
fo = xln;(4x)
f'(x) = 3
T p—



6-25)

6-26)

6-27)

6-28)

6-29)

6-30)

6-31)

6-32)

6-33)

6-34)

6-35)

6-36)

N 2x
Fix) = 1+ 22
Fl(@) =7(5+z +22%)° (1 + 627)

, 2
fx) = (322 4 27

. 12—62
i) = (22 —4x)4

o= 20\ -2 1604
R e
fl(x) = 15(e* 4+ 1)%e*

f’(a:) - 22v/1+1Inz

;o 2w+ 6eM
) = 212 + 23
f'(x) = 47757 (22 + 5)

1+ 423

f(x) = (e” + xe®) log, (x + x4) + mexm



6-37)

6-38)

6-39)

6-40)

6-41)

6-42)

6-43)

6-44)

6-45)

6-46)

6-47)

f'(x) = (41n°5) 5>

22
1 _ ]_

f(x) = EENSE

f(x) = (42565 — 1425 + 1;7) P

"(z) = T(p3 4 14 1222
flz) = (1+422)" («® +1) {1+2!E+x3+1}

) — (
1=

3zt + 22 1+ 2+ 22

nr

f%wzan@wpqhm)+rL}

y=—4
y =2
y=—4dzr+12



6-48)

6-49)

6-50)

6-51)

6-52)

6-53)

6-54)

6-55)

6-56)

6-57)

6-58)

6-59)

6-60)

f2)=-1
1) =
1) =
f=
JLORE

70) = 5

16) =55
MO
71(0) =27
1) =3
fm)—-m3+%
)4
P =1



