Math 111 - 11

Integral Techniques

11.1 Area Between Curves

Let f and g be continuous with f(z) > g(x) on [a, b]. Then the area of the
region bounded by the curves y = f(x), y = g(x) and the vertical lines
r=a, x=>0 is:
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Note that we should integrate:

TOP function — BOTTOM function



Example 11-1: Find the area between the curve y = 22, the lines
r=2, =4 and z—axis.

Solution: Let's sketch the graph first:

The integral that gives the shaded area is:

A = /24(x2—0)dx
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Example 11-2: Find the area between the curve y = —, the lines
x

r=1, =3 and z—axis.
Solution: Let's sketch the graph first:

Y

=1 r=3

The integral that gives the shaded area is:

e

3
= Inz

1

= In3—-Inl

= In3



Example 11-3: Find the area between the curve y = e®, the lines
y=1 and =z =4.

Solution: The region is between a curve and two lines. One is
horizontal, the other is vertical.
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The area is:




Example 11-4: Find the area between the curve y =Inzx, the line =9
and x—axis.

Solution: Remember that In1 =0 and In0 is undefined.

The integral /lnardx can be evaluated using integration

by parts, where u = Inx and dv = dx. The result is
/lnxdx =zlhr—x+c

The area is:
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A = /lnmdw
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= zglhhz -2z
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= (99—-9) - (1In1—1)

= 9n9-2=8



Example 11-5: Find the area between the curve y = —2% +7
and the line y = 3.

Solution: First, we have to find intersection points.

—2*4+7=3 = 1=42
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The area is:

2
A = / (=% +7-3)da




Example 11-6: Find the area between the curve y = 2% — 4
and the line y =4z + 1.

Solution: First, we have to find intersection points.
2—d4=4rx+1 = 2>—4x—-5=0

(x+1)(z—-5)=0 = =x=5 o xz=-1
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The area is:

5
A = / (4x+1—:v2+4)d:n
1
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= —%+2x2+5x
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= (=2 +504+25) —(=+2-5
(-5 emm) = (5+2-9)

= 36



Example 11-7: Find the area between the curves y = 2% — 10x + 24
and y = —a? + 6.

Solution: First, we have to find intersection points.
22— 10x+24=—2?+6x = 222—160+24=0

2 —-2)(x—6)=0 = x=2 o =6

Y
y = —x°+ 6x
| x
19) 2
y =122~ 10z + 24
The area is:

A = /6 [(—x2+6x)—(:c2—10:1:+24)]dx
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Example 11-8: Find the area between the curves y = 2?> and y = /.

Solution: First, we have to find intersection points.

=y = x2=0 o z=1

The area is:
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11.2

Integration by Parts

/udv:uv—/vdu

Example 11-9: Evaluate /xe‘” dx.

Solution:

Here, udv = ze® dx.

u=z = du=dx

dv=e"dr = wv=¢€"

Using the integration by parts formula, we obtain:

/xe””dx = xex—/e”d:p

= ze¥ —e" +c.
Note that if we start with the alternative choice

u=¢e¢* = du=-¢c"dzx

.CEQ

dv=xdr = v=—

we obtain

which is more complicated than the given integral.



Example 11-10: Evaluate the integral
/(:1: +1)e* dx
Solution: We have to use integration by parts.

(x +1)e** dz = udv

u = x+1 = du = dx
63r
dv = e*dx = v o= R

3z 3x
/(:U—i—l)e‘g’“"da: = (x—l—l)%—/e—da:



Example 11-11: Evaluate the integral /:ch Inxdx

Solution: We have to use integration by parts.

u = Inxzx = du = d_x
T
4
dv = z2%dx = v o= r
4
4 4
d
/xglna:dx = x—lnx— roar
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Example 11-12: Evaluate /lnxda:.

] dx
Solution: u =lnz = du=—
T

dv=dxr = wv==x

Using the integration by parts formula, we obtain:

/lnxdx = xlnx—/xd—x
T
= xlnx—/dm

= zlnz—x+ec



Definite Integrals using Integration by Parts:
b

b b
/udvzuv —/vdu

Don't forget the limits for the uv term!

Example 11-13: Evaluate/ xlnxdr.
1

] dx
Solution: u =lnz = du= —
T

2

dv=xdxr = v:%

Using the formula, we obtain:

e 2 € e .2
/ rzlnzdr = w—lnx —/ m_d_x
1 2 1 1 2

2 € 1 e
= %lnw —é/lxdx
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Example 11-14: Evaluate/ il
1 T

7

dx
Solution: u =Inz = du=—
T

d
dU:\/—:; = v=2x/7

Using the formula, we obtain:

“Inx ¢ € dx
——dr = 2yzrInz —/ o0/ —
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= <2\/5 Inz — 4\/5)

- (2\/5 lne—4\/E) _ (2\/1 In1 —4\6)

= 4-2/e



EXERCISES

Find the area of the region bounded by the given curves and lines:

11-1) y=32>+22, v =1, 2 =3, z — axis.
11-2) y=—2?+8z, v =0, v =4, v — axis.
11-3) y=122° 2 =1, 2 =2, v — axis.

11-4) y=5—-2* 2=0, 2 =1, x — axis,

3
11-5) y:;,le,x:&x—axis.
1 .
11-6) y=—, 2 =2, z =10, x — axis.
8 :
11-7) y = I x=0, x =3, r— axis.

11-8) y=¢", =2, x =5, v — axis.
11-9) y=¢", =0, z =3, x — axis.
11-10) y=¢*, 2= -2, x =1, x — axis.
11-11) y=3Vz, v =1, 1 =9, x — axis.
11-12) y=+/z, 2 =0, x = 6, x — axis.

11-13) y=Inz, 2 =2, x =4, x — axis.



Find the area of the region bounded by the given curves and lines:
(Hint: First, find the intersection points.)

11-14) y=2+1 and y =2z + 1.
11-15) y = —2*+5r and y = 6.

11-16) y=2°—6 and y = z.

11-17) y= —2*+25 and y = —2z + 10.
11-18) y = 122° — 3 and z — axis.
11-19) y =62 —22° and z — axis.
11-20) y=2°—-22 -6 and y = —2* + 2z.
11-21) y=2? and y =6 — 52°.

11-22) y=¢€, y=e* and =z =1.
11-23) y=e" y=1 and z = 1.
11-24) y =12/ and y = 3z.

11-25) y:§ and y=6—x.
x



Evaluate the following integrals. (Hint: Use integration by parts)

11-26) / Inzdz
11-27) /a:zex dx
11-28) / v*Inzdr
11-29) [ —dx
11-30) /we‘” dx
2
11-31) / xve dx
0
2
11-32) / rlnzdx
1
5
11-33) / In(4zx) dx
2
3
11-34) / 4xe® dx
1

8
11-35) / nz .
1
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6ln2 —2
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11-26)

11-27)

11-28)

11-29)

11-30)

11-31)

11-32)

11-33)

11-34)

11-35)

zInx —x+c

x2e® — 2xe” + 2 + ¢

f mx—l +c
3 3
2vVrlnze — 4z + ¢

axr axr

xe e
—— +c

a a?

1 — 372

2In2 — 3/4

3ln4+5In5—-2In2—-3

5e% — ¢?

18m2——gz



